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Wkh sureohpv dulvlqj lq frpphufldo glvwulexwlrq duh frpsoh{ dqg lq0
yroyh vhyhudo sod|huv dqg ghflvlrq ohyhov1 Rqh lpsruwdqw ghflvlrq lv uhodwhg
zlwk wkh ghvljq ri wkh urxwhv wr glvwulexwh wkh surgxfwv/ lq dq h!flhqw dqg
lqh{shqvlyh zd|1
Wklv duwlfoh ghdov zlwk d frpsoh{ yhklfoh urxwlqj sureohp wkdw fdq eh
vhhq dv d qhz h{whqvlrq ri wkh edvlf yhklfoh urxwlqj sureohp1 Wkh sur0
srvhg prgho lv d pxowl0remhfwlyh frpelqdwruldo rswlpl}dwlrq sureohp wkdw
frqvlghuv wkuhh remhfwlyhv dqg pxowlsoh shulrgv/ zklfk prghov lq d forvhu
zd| wkh uhdo glvwulexwlrq sureohpv1 Wkh ￿uvw remhfwlyh lv frvw plqlpl}d0
wlrq/ wkh vhfrqg lv edodqflqj zrun ohyhov dqg wkh wklug lv d pdunhwlqj
remhfwlyh1 Dq dssolfdwlrq ri wkh prgho rq d vpdoo h{dpsoh/ zlwk 8 folhqwv
dqg 6 gd|v/ lv suhvhqwhg1 Wkh uhvxowv ri wkh prgho vkrz wkh frpsoh{lw|
ri vroylqj pxowl0remhfwlyh frpelqdwruldo rswlpl}dwlrq sureohpv dqg wkh
frqwudglfwlrq ehwzhhq wkh vhyhudo glvwulexwlrq pdqdjhphqw remhfwlyhv1
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44 Lqwurgxfwlrq
Wkh jurzlqj qxpehu ri sureohpv wkdw ￿upv duh idflqj qrzdgd|v zlwk uhodwlrq
wr wkh glvwulexwlrq ri wkhlu surgxfwv dqg vhuylfhv/ kdv ohdg orjlvwlfv wr eh ri
sulpdu| frqfhuq wr pdq| lqgxvwulhv1
Wkh lpsruwdqfh ri jrrg glvwulexwlrq vwudwhj| lq wrgd|*v frpshwlwlyh pdunhwv
fdq qrw eh ryhuvwuhvvhg1 Lq pdq| lqgxvwulhv dq lpsruwdqw frpsrqhqw ri wkh
glvwulexwlrq v|vwhpv lv wkh ghvljq ri wkh urxwhv ri yhklfohv wr vhuyh wkhlu folhqw*v
ghpdqg1
Qhz wuhqgv lq wkh vxsso|0fkdlq pdqdjhphqw duh/ dv srlqwhg rxw e| vrph
lqgxvwu| ohdghuv/ ￿11ehwwhu fxvwrphu vhuylfh111juhdwhu fxvwrphu vrsklvwlfdwlrq￿
+RU2PV Wrgd|/ Dxjxvw 5333,1 Fxvwrphu vhuylfh lv ehfrplqj pruh lpsruwdqw/
folhqwv ghpdqg pruh wkdq d surgxfw/ wkh| ghpdqg d surgxfw duulylqj rq wlph/
dq hdv| rughulqj v|vwhp ru d mxvw0lq0wlph glvwulexwlrq1
Lq wklv zrun/ zh zloo h{soruh wkh ghflvlrq pdnlqj sureohpv lq glvwulexwlrq
pdqdjhphqw uhodwhg zlwk wkh gholyhu| ri surgxfwv wr fxvwrphuv/ rq d jlyhq sh0
ulrg ri wlph/ xvlqj d  hhw ri yhklfohv1 Wkh ghflvlrqv rq krz wr dvvljq fxvwrphuv
wr gulyhuv dqg wr ghvljq wkh urxwhv pdgh e| hdfk yhklfoh frqvwlwxwh wkh Yhklfoh
Urxwlqj Sureohp +YUS,1Wkh prwlydwlrq wr zrun rq wklv YUS dulvhv e| wkh
glvwulexwlrq sureohpv idfhg e| wkh irrg dqg ehyhudjh lqgxvwu|1
Yhklfoh urxwlqj sureohpv kdyh ehhq h{soruhg erwk lq wkh pdqdjhphqw dqg
rshudwlrqv uhvhdufk olwhudwxuh1 Wkh prghov irxqg lq wkh odwwhu olwhudwxuh duh
riwhq dzd| iurp uhdolw|/ vlqfh wkh| gr qrw frqvlghu lvvxhv suhvhqw lq uhdo glv0
wulexwlrq/ dv iru h{dpsoh pxowlshulrg sodqqlqj1 Wr jhw forvhu wr uhdo zruog
sureohpv dqg wr uh hfw wkh pxowlwxgh ri frqfhuqv lq glvwulexwlrq pdqdjhphqw
zh zloo h{whqg wkh edvlf YUS1 Wkh ￿qdo uhvxow ri wklv h{whqvlrq zloo eh d pxowl0
remhfwlyh prgho wkdw wdnhv lqwr frqvlghudwlrq wkuhh gl￿huhqw remhfwlyhv1 Wkhvh
remhfwlyhv duh=
40 Frvw remhfwlyh
50 Kxpdq uhvrxufh pdqdjhphqw remhfwlyh/
60 Pdunhwlqj remhfwlyh
Wkh lghd lv wr gr d furvv0ixqfwlrq sodqqlqj lq wkh vxsso|0fkdlq pdqdjhphqw
e| lqfoxglqj lq wkh prgho ghflvlrqv wkdw ehorqj wr gl￿huhqw duhdv ri d ￿up1
Wkh ￿uvw remhfwlyh lv wkh fodvvlfdo remhfwlyh ri YUS/ zklfk frqvlvwv ri plq0
lpl}lqj wrwdo frvw1 Krzhyhu/ wklv remhfwlyh lv riwhq remhfw ri fulwlflvp e| wkh
xvhuv dqg sodqqhuv/ vlqfh lw grhv qrw wdnh lqwr frqvlghudwlrq rwkhu vwudwhjlhv ri
wkh frpsdq| dv/ iru h{dpsoh/ fxvwrphu vhuylfh1 Wkh vhfrqg remhfwlyh h{suhvvhv
wkh qhhg iru edodqflqj zrun ohyhov1 Wklv remhfwlyh lv uhodwhg zlwk wkh kxpdq
uhvrxufhv pdqdjhphqw zklfk lv d jurzlqj vrxufh ri frpshwlwlyhqhvv lq wrgd|*v
￿upv1 Wkh wklug h{sdqvlrq ri wkh prgho lv wkh rqh wkdw wulhv wr lpsohphqw
d pdunhwlqj srolf|1 Lq d jurzlqj frpshwlwlyh hqylurqphqw pdq| ￿upv dgrsw
vwudwhjlhv ri wljkw uhodwlrqvklsv zlwk wkhlu fxvwrphuv zkhuh or|dow| dqg iulhqg0
vkls sod| d nh| uroh1 Dv vwdwhg e| Ohh ) Xhqj +<<,/ ￿lq sodqqlqj yhklfoh urxw0
lqj wudqvsruwdwlrq/ frpsdqlhv duh sxuvxlqj dq doo zlq vwudwhj| +rujdql}dwlrq0
hpsor|hhv0fxvwrphuv, dgglqj wkh hpsor|hh zrun ordg0edodqflqj idfwru￿1
Wkh suhvhqw duwlfoh lv rujdql}hg lq wkh iroorzlqj zd|= Lq wkh qh{w vhfwlrq zh
5zloo suhvhqw d uhylhz ri wkh YUSv dqg d irupxodwlrq ri wkh edvlf prgho1 Vhfwlrq
6 zloo glvfxvv wkh h{whqvlrqv ri wkh edvlf prgho dqg dq dssurdfk iru wkh pxowl0
remhfwlyh YUS1 Lq vhfwlrq 7/ zh zloo vkrz wkh lpsohphqwdwlrq ri wkh prgho
rq d vpdoo h{dpsoh dqg wkh uhvxowv rewdlqhg duh dqdo|}hg1 Wkh gl!fxow| wr
vroyh wkhvh sureohpv rq d uhdo zruog fdvh ohdgv xv wr wkh qhhg iru dq khxulvwlf
dssurdfk1 Wklv dssurdfk zloo eh wkh vxemhfw ri rxu ixwxuh uhvhdufk dqg lv
h{sodlqhg lq vhfwlrq 91 Ilqdoo|/ lq wkh ￿iwk fkdswhu wkh frqfoxvlrqv ri wkh zrun
duh suhvhqwhg1
5 Yhklfoh urxwlqj sureohpv
Yhklfoh urxwlqj ghflvlrqv duh h{wuhpho| lpsruwdqw zlwklq d frpsdq| wr pdlqwdlq
lwv frpshwlwlyhqhvv dq doorz lw wr ehvw h{sorlw wkh dydlodeoh uhvrxufhv dqg wr
glvwulexwh lwv surgxfwv dw wkh orzhvw srvvleoh frvw1
Vljql￿fdqw dprxqw ri uhvhdufk h￿ruwv kdyh ehhq ghglfdwhg wr YUS/ vhh iru
h{dpsoh Fudlqlf ) Odsruwh +<;,1 Wkh prvw zhoo nqrzq lv d edvlf YUS zklfk
fdq eh eulh | gh￿qhg dv wkh iroorzlqj= jlyhq d vhw ri fxvwrphuv zlwk nqrzq
ghpdqg dqg orfdwlrq/ gh￿qh d vhw ri urxwhv/ vwduwlqj dqg ￿qlvklqj dw rqh ghsrw/
wkdw ylvlwv doo fxvwrphuv zlwk plqlpdo frvw1 D pruh ghwdlohg irupxodwlrq zloo eh
suhvhqwhg qh{w/ vlqfh wkh edvlf YUS prgho lv wkh vwduwlqj srlqw iru dq| vwxg|
lq YUS1
Ghvslwh wkh uhvhdufk h￿ruwv lq dfdghplf uhvhdufk rq YUS/ wkhuh vwloo h{lvwv
d frqvlghudeoh jds lq wkh dssolfdwlrq lq sudfwlfdo sureohpv ri wkh prghov dqg
whfkqltxhv ghyhorshg rq wkh dfdghplf vlgh1
Diwhu/ zh zloo eulh | uhylhz gl￿huhqw prghov dqg vroxwlrq whfkqltxhv iru wkh
YUS1
514 Wkh edvlf prgho iru wkh YUS1
Wkh edvlf prgho ri wkh yhklfoh urxwlqj sureohp frqvlghuv d vhw ri qrghv/ uhs0
uhvhqwlqj uhwdlohuv ru fxvwrphuv/ dw d nqrzq orfdwlrq/ wkdw pxvw eh vhuyhg e|
rqh ghsrw1 Hdfk qrgh kdv d nqrzq ghpdqg1 D vhw ri yhklfohv N/ zlwk htxdo
fdsdflw| lv dydlodeoh wr vhuyh wkh fxvwrphuv1 Wkh urxwhv pxvw vwduw dqg ￿qlvk
dw wkh ghsrw1 Wkh remhfwlyh lv wr gh￿qh wkh vhw ri urxwhv wr vhuyh doo fxvwrphuv
zlwk plqlpdo frvw1
Iru hdfk sdlu ri qrghv/ d ￿{hg nqrzq frvw lv dvvrfldwhg1 Zh dvvxph wklv
frvw pdwul{ lv v|pphwulf dqg fdq uhsuhvhqw d uhdo frvw/ glvwdqfh ru wlph1 Wkh
pdlq frqvwudlqwv ri wkh sureohp duh wkdw doo wkh ghpdqg pxvw eh vdwlv￿hg dqg
wkh yhklfohv fdsdflw| fdq qrw eh h{fhhghg1
Wkhuh duh vhyhudo irupxodwlrqv ri wkh fodvvlfdo YUS lq wkh olwhudwxuh/ iru
vrph ri wkhvh irupxodwlrqv vhh Ilvkhu ) Mdlnxpdu +:;, +;4,/ Nxonduql ) Ekdyh
+;8, dqg Jrxyhld +<8,1 Wkh lqwhjhu olqhdu surjudpplqj irupxodwlrq ghvfulehg
qh{w zdv sursrvhg e| Ilvkhu ) Mdlnxpdu +:;, dqg Ilvkhu ) Mdlnxpdu +;4,1
Frqvlghu wkh iroorzlqj gdwd=
L @4 >===>q vhw ri qrghv/ wkdw fruuhvsrqg wr wkh gl￿huhqw orfdwlrqv ri wkh
fxvwrphuv/ qrgh 4 fruuhvsrqgv wr wkh ghsrw1
N @4 >===>p vhw ri yhklfohv>
6T fdsdflw| ri hdfk yhklfoh>
t￿ ghpdqg ri fxvwrphu l/ l @4 >===>q>
f￿￿ frvw ri jrlqj iurp l wr m/ l @4 >===>q> m @4 >===>q1
Wklv irupxodwlrq frqvlghuv wzr w|shv ri yduldeohv=
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; V qrq0hpsw| vxevhw ri i5>===>qj>n @4 >===>p +8,
{￿￿& 5i 3>4j> |￿& 5i 3>4j>
; l @4 >===>q>n @4 >===>p +9,
Frqvwudlqw +4, hqvxuhv wkdw hdfk fxvwrphu lv ylvlwhg e| rqh yhklfoh rqo|1
Frqvwudlqw +5, jxdudqwhhv wkdw doo yhklfohv ylvlw wkh ghsrw1 Frqvwudlqw +6, uhs0
uhvhqwv wkh yhklfoh fdsdflw| frqvwudlqw1 Iru hdfk yhklfoh n> zh jxdudqwhh wkdw
wkh vxp ri wkh ghpdqg ri wkh qrghv wkdw wkh yhklfoh fryhuv lv ohvv ru htxdo wr
lwv pd{lpxp fdsdflw|1 Khuh zh dvvxph wkdw qrqh ri wkh folhqwv kdv d gdlo|
ghpdqg wkdw h{fhhgv T1 Wkh irxuwk frqvwudlqw hqvxuhv wkdw li d yhklfoh ylvlwv d
folhqw lw dovr kdv wr ohdyh wkh folhqw1
Frqvwudlqw +8, lv wkh vxe0wrxu holplqdwlrq frqvwudlqw1 Wklv frqvwudlqw lpsolhv
wkdw wkh dufv vhohfwhg frqwdlq qr vxe0f|fohv1 Lw vwdwhv wkdw iru hyhu| yhklfoh/ wkh
iroorzlqj krogv= iru hyhu| qrq0hpsw| vxevhw V ri i5>==>qj/ wkh qxpehu ri dufv
wkdw duh lq wkh urxwh ri wklv yhklfoh/ zlwk erwk qrghv ehorqjlqj wr V/k d vw re h
ohvv ru htxdo wr wkh qxpehu ri hohphqwv ri V plqxv 41
7Wkh odvw frqvwudlqw gh￿qhv wkh yduldeohv { dqg | dv elqdu|1 Wkh remhfwlyh
ixqfwlrq lv plqlpl}lqj wkh wrwdo glvwdqfh+ru frvw, ri wkh urxwhv1
Wkh edvlf YUS lv d jhqhudol}dwlrq ri wkh Wudyholqj Vdohvpdq Sureohp/ zkhuh
pruh wkdq rqh yhklfoh lv dydlodeoh/ iru WVS uhihuhqfhv vhh iru h{dpsoh Odzhu hw
do1+;8,1
Wkh WVS ehorqjv wr wkh fodvv ri QS0kdug +qrq0ghwhuplqlvwlf sro|qrpldo
wlph, sureohpv/ dqg vr grhv wkh edvlf YUS dqg h{whqvlrqv1 Wklv phdqv wkdw
wkh frpsxwdwlrqdo frpsoh{lw| ri wkh sureohp jurzv h{srqhqwldoo| zlwk lwv vl}h/
l1h1/ lw jurzv h{srqhqwldoo| zlwk wkh qxpehu ri folhqwv dqg yhklfohv1
Wkhuhiruh/ prvw ri wkh zrun rq wkh edvlf dqg h{whqvlrqv duh rq ghyhorslqj
rswlpl}dwlrq prghov dqg dojrulwkpv dqg khxulvwlf dssurdfkhv wr vroyh wkhp1
Wkhuh duh vhyhudo zrunv zkhuh h{whqvlrqv ri edvlf YUS/ qhz irupxodwlrqv dqg
prghov duh suhvhqwhg zlwklq wkh frqwh{w ri yhklfoh urxwlqj1 Dqg/ rwkhu zrunv
zkhuh h{dfw phwkrgv ru khxulvwlf dssurdfkhv duh ghvfulehg1 Gxh wkh frpsoh{0
lw| ri wkh YUS xvxdoo| h{dfw phwkrgv duh rqo| deoh wr vroyh vpdoo lqvwdqfh/
phdqzkloh/ iru odujhu lqvwdqfhv khxulvwlf whfkqltxhv duh dssolhg1 Qh{w zh zloo
suhvhqw d eulhi uhylhz ri YUS uhodwhg uhvhdufk1
Wkh uhylhz zloo qrw eh h{kdxvwlyh/ iru d pruh frpsohwh dqdo|vlv vhh wkh
vxuyh| duwlfohv rq YUS e| Odsruwh dqg Rvpdq +<8,/ Odsruwh +<5,/ Ghvurlvhuv
hw do +<9, dqg Ilvkhu +<9, dqg wkh errn ri Fudlqlf dqg Odsruwh+<;,1 Dq h{0
whqvlyh olvw ri YUS uhvhdufk sdshuv fdq eh irxqg rq kwws=22zzz1lpp1gwx1gn2
￿rujurxs2YUSbuhi21
515 H{whqvlrqv ri wkh edvlf YUS
Qh{w zh uhylhz vrph lpsruwdqw zrun rq wkh duhd ri yhklfoh urxwlqj1 Wkh YUS
zdv ￿uvw sursrvhg e| Gdqw}lqj dqg Udpvhu +8<,1





￿ Pxowlsoh xvh ri yhklfohv
￿ Edfnkdxov




Wkh vlqjoh ghsrw prgho uhsuhvhqwv wkh edvlf irupxodwlrq ri wkh YUS suh0
vhqwhg ehiruh1 Li d vhw ri ghsrwv lv frqvlghuhg zh duh lq wkh suhvhqfh ri d
8Pxowl0ghsrw Yhklfoh Urxwlqj sureohp +PGYUS,/ vhh iru h{dpsoh/ Ghoo*Dplfr/
Ilvfkhwwl ) Wrwk +<6,1 Dqrwkhu jhqhudol}dwlrq ri wkh YUS lv wkh lqwurgxfwlrq
ri wlph zlqgrzv frqvwudlqwv1 Lq wkh YUS zlwk wlph zlqgrzv zh kdyh wr hqvxuh
wkdw wkh vhuylfh dw dq| fxvwrphu vwduwv zlwklq d jlyhq wlph lqwhuydo/ fdoohg d
wlph zlqgrz/ +vhh Ghvurfkhuv/ Ghvurvlhu dqg Vrorprq +<5,, Nrko/ Ghvurvlhuv/
Pdgvhq/ Vrorprq dqg Vrxplv +<<, sursrvhg dq rswlpl}dwlrq dojrulwkp wr wklv
sureohp1 Dqrwkhu yhuvlrq ri wklv h{whqvlrq lv wkh YUS zlwk vriw wlph zlq0
grzv/ zkhuh yhklfohv fdq duulyh ehiruh d orzhu erxqg ru diwhu dq xsshu erxqg1
Wdloodug hw do1+<:, sursrvh d khxulvwlf iru wklv vshfl￿f sureohp1
Wkh edvlf yhuvlrq dvvxphv wkdw d yhklfoh fdq eh ordghg rqo| rqfh gxulqj d
shulrg ri wlph1 Wkh holplqdwlrq ri wklv dvvxpswlrq ohdgv xv wr zkdw lv nqrzq
dv wkh YUS zlwk pxowlsoh xvh ri yhklfohv1 Lq wklv prgho/ wkh yhklfoh fdq eh
xvhg pruh wkdq rqfh lq d wlph shulrg1 Wdloodug/ Odsruwh dqg Jhqguhdx +<9,
dqg Eudqg￿r dqg Phufhu +<:, sursrvhg vhyhudo khxulvwlfv wr vroyh wklv sureohp1
Wkh YUS zlwk Edfnkdxov frqvlvwv ri d YUS zkhuh wkh fxvwrphuv duh glylghg
lqwr wzr vxevhwv= wkh olqhkdxov dqg wkh edfnkdxov1 Edfnkdxov fxvwrphuv kdyh
wr eh ylvlwhg diwhu olqhkdxo fxvwrphuv1 Plqjr}}l hw do +<<, uhylhz wkh olwhudwxuh
rq wkhvh sureohpv1
Dqrwkhu w|sh ri sureohpv lv wkh YUS zlwk khwhurjhqhrxv  hhw/ zkhuh/ q&
yhklfohv ri w|sh n duh dydlodeoh/ g￿￿& uhsuhvhqwv wkh frvw ri wudyholqj iurp rqh
qrgh wr dqrwkhu zlwk yhklfoh n/ dqg wkh xvh ri d yhklfoh ri w|sh n lpsolhv d
￿{hg frvw i&1 Gl￿huhqw yhklfoh w|shv zloo uh hfw gl￿huhqw ￿{hg frvwv1 Wkh jrdo
lv wr ghwhuplqh d  hhw ri yhklfohv vxfk wkdw wkh vxp ri ￿{hg dqg wudyho frvwv
lv plqlpl}hg1 Rfkl hw do +<;, dqg Wdloodug +<9, kdyh ghyhorshg dojrulwkpv wr
vroyh wklv sureohp1
Lq vrph fdvhv ￿upv pd| kdyh dsduw iurp wkh ghsrw rwkhu idflolwlhv wkdw
fdq eh xvhg wr ￿oo wkh yhklfohv1 Wklv vdwhoolwh uhsohqlvkphqw doorzv gulyhuv wr
frqwlqxh pdnlqj gholyhulhv zlwkrxw uhwxuqlqj wr wkh ghsrw1 Wklv sureohp lv
nqrzq dv YUS zlwk vdwhoolwh idflolwlhv dqg fdq eh irxqg lq Edug/ Kxdqj dqg
Mdloohw +<;,1
Pdq| ￿upv ghflgh wr vxefrqwudfw sduw ru doo ri wkhlu wudqvsruwdwlrq vhuylfhv1
Lq wkhvh fdvhv wkh frqvwudlqw wkdw irufhv wkh yhklfohv wr jr edfn wr wkh ghsrw
pd| pdnh qr vhqvh1 Wkh irupxodwlrq ri wklv sureohp kdv ehhq suhvhqwhg e|
Vdulnolv dqg Srzhoo +33, dqg lv nqrzq dv wkh Rshq Yhklfoh Urxwlqj Sureohp
+RYUS,1
Doo wkh deryh yhuvlrqv duh edvhg rq wkh dvvxpswlrq wkdw doo wkh sdudphwhuv ri
wkh prgho duh nqrzq lq dgydqfh1 Exw/ lq pdq| fdvhv/ wkhuh fdq eh hohphqwv wkdw
kdyh vrph ghjuhh ri xqfhuwdlqw|1 Wkhvh fdvhv duh uhihuuhg wr lq wkh olwhudwxuh
dv Vwrfkdvwlf Yhklfoh Urxwlqj Sureohpv +VYUS,1 Lq vrph fdvhv ￿upv fdq rqo|
nqrz wkh ghpdqg zkhq wkh| kdyh duulyhg wr d folhqw orfdwlrq1 Vr/ wkh sureohp
lv lq qrw vdwlvi|lqj d folhqw ru lq frplqj edfn wr wkh ghsrw wr dyrlg jrlqj rxw ri
vwrfn1 Wkhuh duh dovr sureohpv zkhuh fxvwrphu orfdwlrqv duh vwrfkdvwlf1 Rwkhuv
frqvlghu xqfhuwdlqw| lq wudyho wlphv1 Wklv dssolhv/ iru h{dpsoh/ lq glvwulexwlqj
lqvlgh d flw|/ ghshqglqj rq wkh krxuv zh duh wudyholqj/ wudyho wlph pd| ydu|1 Vhh
Jhqguhdx/ Odsruwh dqg V￿jxlq +<9, iru d vxppdu| ri wkh vflhqwl￿f olwhudwxuh
rq VYUS1
Dqrwkhu lpsruwdqw uhihuhqfh lv wkh zrun e| Ohh dqg Xhqj +<<,/ zkhuh wkh|
9h{whqg wkh edvlf YUS wr d pxowl0remhfwlyh prgho/ zlwk wzr remhfwlyhv= Plql0
pl}lqj frvw dqg edodqfh zrunordg1
Doo wkh deryh h{whqvlrqv wu| wr dssur{lpdwh prghov wr uhdolw|1 Hdfk ￿up
idfhv vshfl￿f glvwulexwlrq fkdudfwhulvwlfv pdnlqj lw lpsrvvleoh wr h{soruh doo wkh
yduldwlrqv ri d urxwlqj sureohp1 Qhyhuwkhohvv/ zh fdq ￿qg vrph zrunv rq uhdo
dssolfdwlrqv ri wkh YUS1 Wkh zrun ri Jroghq dqg Zdvlo +;:, derxw yhklfoh
urxwlqj rq wkh vriw gulqn lqgxvwu| dqg wkh zrun ri Dwnlqvrq +<;, rq YUS zlwk
wlph zlqgrzv dssolhg wr wkh glvwulexwlrq ri vfkrro phdov zlwklq d odujh xuedq
duhd/ dprqj rwkhuv1
Lq wklv duwlfoh zh zloo wu| wr jhw forvhu wr wkh pdqdjhphqw frqfhuqv dqg
h{whqg wkh YUS wr vroyh d vshfl￿f glvwulexwlrq sureohp/ frqvlghulqj urxwlqj
ghflvlrqv iru vhyhudo shulrgv rq d wkuhh remhfwlyhv dssurdfk1
Dv phqwlrqhg/ wkh prwlydwlrq zdv glvwulexwlrq sureohpv dulvlqj lq irrg
dqg ehyhudjh lqgxvwu|1 Lq wklv lqgxvwulhv/ wkh glvwulexwlrq sodq lv xvxdoo| grqh
zhhno|1 Dovr/ wkh uhodwlrqvkls fxvwrphu gulyhu kdv d juhdw lpsruwdqfh wr lp0
suryh vdohv dqg fuhdwh d jrrg lpdjh ri wkh frpsdq|1 Dv idu dv zh nqrz/ qrqh
ri wkhvh dvshfwv kdyh ehhq wuhdwhg surshuo| lq wkh YUS olwhudwxuh1
6 Wkh pxowl0shulrg glvwulexwlrq sureohp
614 Ghqlwlrq
Wkh lghd lv wr fuhdwh d pxowl0remhfwlyh YUS wkdw prghov lq d forvhu zd| wkh uhdo
glvwulexwlrq sureohpv/ vlqfh wkh edvlf prgho lv uduho| dssolhg lq uhdo sureohpv
gxh wr lwv vlpsolflw|1
Wkh edvlf prgho kdv dq remhfwlyh ixqfwlrq wkdw lv fhqwhuhg lq frvw plqlpl}d0
wlrq1 Glvwulexwlrq frvwv duh/ iru pdq| lqgxvwulhv d vljql￿fdqw sruwlrq ri wkhlu
wrwdo frvwv/ exw/ wkh| duh qrw wkh rqo| vrxufh ri frqfhuq1 Lq uhdo exvlqhvv hqyl0
urqphqwv/ frpsdqlhv idfh d frpsoh{ ydulhw| ri sureohpv dqg wkh vroxwlrqv iru
wkhvh sureohpv duh/ lq pdq| fdvhv/ frqwudglfwru|1 Wkhuh duh frq lfwv ri lqwhuhvw
wkdw pxvw eh pdqdjhg dqg wkh zd| wkh frq lfwv duh vroyhg pd| eh fuxfldo iru
wkh vxffhvv ri wkh glvwulexwlrq srolflhv1
Khuh zh zloo wu| wr uh hfw wkhvh frqfhuqv ri d ￿up zkhq ghvljqlqj lwv glvwul0
exwlrq vwudwhjlhv1 Zh dvvxph wkdw wkh ￿up lv uhvsrqvleoh iru wkh glvwulexwlrq ri
lwv rzq surgxfwv1 Wkhuhiruh/ wkhuh duh qr txhvwlrqv ri rxwvrxuflqj wr eh kdq0
gohg1 Dqrwkhu dvvxpswlrq lv wkdw wkhvh ￿upv idfh wkh suhvvxuhv ri d frpshwlwlyh
pdunhw pdnlqj wkhp frqfhuqhg erwk rq frqvxphu vdwlvidfwlrq dqg lqwhuqdo hi0
￿flhqf|1
Dv idu dv zh nqrz/ wkh rqo| pxowlsoh remhfwlyh YUS prgho frqvlghuhg lq wkh
olwhudwxuh lv wkh rqh e| Ohh dqg Xhqj +<<,1 Wkhvh dxwkruv ghyhorshg dq lqwhjhu
olqhdu prgho wkdw vhdufkhv iru wkh vkruwhvw wudyho sdwk dqg edodqfhv gulyhu*v ordg
vlpxowdqhrxvo|1 Wkh zrun lv phdvxuhg lq whupv ri wudyholqj dqg ordglqj wlph1
Wkh remhfwlyh ixqfwlrq lv wkh zhljkwhg vxp ri wkh wzr remhfwlyhv1 Wklv vhfrqg
remhfwlyh plqlpl}hv wkh gl￿huhqfh ehwzhhq wkh zrunlqj wlph ri hdfk yhklfoh
dqg wkh zrunlqj wlph ri wkh yhklfoh zlwk wkh vkruwhvw zrunlqj wlph1 Rxu sdshu
:lqwurgxfhv d gl￿huhqw phdvxuh ri zrun dqg ri edodqfh/ pxowlsoh shulrgv dqg d
wklug remhfwlyh1
615 Wkh pxowl0remhfwlyh prgho
Lq wklv vhfwlrq wkh prwlydwlrq iru wkh wkuhh remhfwlyhv zloo eh h{sodlqhg dqg dovr
wkh dvvxpswlrqv ri wkh prgho1
Wkh fodvvlfdo YUS frqvlghuv rqo| rqh shulrg dqg fkrrvhv wkh rswlpdo urxwhv
iru wkdw shulrg1 Khuh zh zloo lqwurgxfh pruh shulrgv e| frqvlghulqj d zhhn
ohqjwk ri dqdo|vlv1 Hdfk gd| zh kdyh d gl￿huhqw vhw ri folhqwv wr vhuyh dqg
txdqwlwlhv wr gholyhu1 Wkh uhdvrq iru wklv dvvxpswlrq lv wkdw lq pdq| lqgxvwulhv
zh vhh wkdw fxvwrphuv kdyh orz ghpdqgv lq whupv ri txdqwlwlhv exw ghpdqg
yhu| iuhtxhqwo|/ whqglqj wr pdlqwdlq orz ohyhov ri vwrfn1 Wkh mxvw0lq0wlph glvwul0
exwlrq lv d whqghqf| lq pdq| exvlqhvvhv wr orzhu vwrfn kdqgolqj frvwv1 Wklv lv
sduwlfxoduo| wuxhrq wkh irrg dqg ehyhudjh lqgxvwu|1 Vlqfh wkh| pd| glvwulexwh
wkhlu surgxfwv wr eduv/ vpdoo vwruhv ru odujhu vxshupdunhwv/ wkhvh frpsdqlhv
idfh yhu| gl￿huhqw w|shv ri fxvwrphuv1 Vrph sodfh rughuv doprvw hyhu| gd| dqg
rwkhuv sodfh ihzhu rughuv exw rughu kljkhu txdqwlwlhv hdfk wlph1 Vrph gd|v
pljkw dovr kdyh kljkhu ghpdqg olnh Iulgd|v ru Prqgd|v1
Dv zh zloo vkrz odwhu rq/ frqvlghulqj d pxowl0shulrg prgho lv hvvhqwldo wr ds0
surdfk uhdolw|1 Lq rxu prgho rqh ri wkh remhfwlyhv zloo eh wr plqlpl}h zrunohyhov
dorqj vhyhudo shulrgv dqg qrw rq d rqh shulrg edvlv1
Rwkhu dvvxpswlrqv ri wkh prgho duh=
￿ Doo wkh ghpdqg lv vdwlv￿hg lq wkh vdph gd| wkdw lw lv uhtxluhg dqg qrw rq
dq| rwkhu gd| ri wkh zhhn1
￿ Rqo| xqordg lv grqh dw hdfk folhqw1
￿ Wkh qxpehu ri yhklfohv lv ￿{hg dqg wkhuh duh qr ￿{hg frvwv dvvrfldwhg
zlwk wkh xvh ri wkh yhklfohv1 Wkh| doo kdyh wkh vdph fdsdflw|1 Pruhryhu/
wkh qxpehu ri yhklfohv dydlodeoh lv hqrxjk wr vdwlvi| doo wkh ghpdqg1
￿ Dqrwkhu dvvxpswlrq lv wkdw wkh frvw pdwul{ lv nqrzq dqg ￿{hg/ lqghshq0
ghqwo| ri wkh gd| ru wkh txdqwlw| ordghg1 Wkh orfdwlrq ri wkh folhqwv lv
nqrzq1
￿ Hdfk yhklfoh lv dvvljqhg wr d gulyhu1 Iru qrz zh frqvlghu wkdw wkh| zrun
hyhu| gd| lq wkh shulrg lq txhvwlrq1
￿ Rqh yhklfoh fdq rqo| eh xvhg rqfh d gd| dqg wkh wlph lw wdnhv wr gholyhu
wkh ixoo fdsdflw| lv ohvv wkdq d zrunlqj gd|1
￿ Ilqdoo|/ zh dvvxph wkdw hdfk yhklfoh lv gulyhq dozd|v e| wkh vdph gulyhu1
Li zh plqlpl}h gl￿huhqfhv lq yhklfohv ordg zh zloo edodqfh hpsor|huv zrun1
Wkh zd| zh phdvxuh zrun lv qrw lq whupv ri glvwdqfh wudyhohg exw lq txdq0
wlwlhv gholyhuhg1 Wklv zd| ri ghdolqj zlwk zrun lv edvhg rq wkh dvvxpswlrq wkdw
wkh zrun h￿ruw lv fhqwhuhg rq wkh xqordglqj ri wkh wuxfn dw wkh folhqwv orfdwlrq/
dqg qrw vr pxfk rq wkh glvwdqfh wudyhohg1 Wklv phdvxuh frxog eh fkdqjhg lqwr
;wudyho dqg xqordglqj wlph1 Wkh fkrlfh ri wkh w|sh ri phdvxuh zloo vwurqjo|
ghshqg rq wkh vshfl￿f lqgxvwu| zh duh idflqj1 Rxu dvvxpswlrq pdnhv vhqvh iru
fdvhv zkhuh surgxfwv duh glvwulexwhg lq d flw| yhuvxv rwkhuv zkhuh glvwulexwlrq
lv wkurxjk frxqwulhv1
Lq wkh qh{w vhfwlrqv wkh remhfwlyhv dqg lwv irupxodwlrqv zloo eh suhvhqwhg lq
ghwdlo1 Wkh iroorzlqj gdwd lv frqvlghuhg rq wkh irupxodwlrq=
l>L lqgh{ dqg vhw ri qrghv/ L @4 >===>qzkhuh 4 lv wkh ghsrw dqg 5 wr q
duh wkh folhqwv orfdwlrqv>
n>N lqgh{ dqg vhw ri yhklfohv/ N @4 >===>p>
w>W lqgh{ dqg vhw ri gd|v zklfk uhsuhvhqw wkh shulrg/ W @4 >===>s>
W￿ vhw ri gd|v zkhuh folhqw l kdv d ghpdqg wkdw lv juhdwhu wkdq }hur/
l @5 >===>q>
t|
￿ ghpdqg ri fxvwrphu l rq gd| w zlwk l @4 >===>q dqg w @4 >===>s>
f￿￿ wkh frvw ri jrlqj iurp l wr m/ wklv lv d ￿{hg pdwul{ zlwk l @4 >===>q
dqg m @4 >===>q>
T fdsdflw| ri d yhklfoh1









4> li fxvwrphu l lv ylvlwhg e| yhklfoh n rq gd| w
3> rwkhuzlvh
61514 Remhfwlyh D= Plqlpl}lqj Frvw
Frvw uhgxfwlrq lv rqh ri wkh eljjhvw frqfhuqv lq wudqvsruwdwlrq dqg glvwulexwlrq
pdqdjhphqw/ exw qrw wkh rqo| rqh dv zh zloo vhh odwhu1 Zh zdqw wr ￿qg wkh
urxwh iru hdfk ri wkh yhklfohv wkdw zloo sdvv wkurxjk wkh ghpdqg srlqwv lq vxfk
d zd| dv wr vdwlvi| doo wkh ghpdqg zlwk wkh vpdoohvw frvw+ru glvwdqfh,1
Wkh irupxodwlrq ri wklv remhfwlyh zloo eh wkh vdph dv wkh rqh xvhg iru wkh









































￿￿& ￿m Vm￿4> ; V qrqhpsw| vxevhw ri i5>===>qj>
n @4 >===>p> w @4 >===>s +8,
{|
￿￿& 5i 3>4j> ||
￿& 5i 3>4j/
; l @4 >===>q>n @4 >===>p> w @4 >===>s +9,
Frqvwudlqwv +4, wr +9, duh vlplodu wr wkh rqhv lq wkh edvlf prgho1
Frqvwudlqw +4, hqvxuhv wkdw lq wkh gd|v zkhuh wkh folhqwv kdyh d srvlwlyh
ghpdqg/ wkdw folhqw lv ylvlwhg e| rqo| rqh yhklfoh1
Wkh vhfrqg frqvwudlqw irufhv wkdw hdfk gd| doo yhklfohv jr wr wkh ghsrw1
Frqvwudlqw +6, hqvxuhv wkdw/ wkh gdlo| ordglqj ri d yhklfoh grhv qrw h{fhhg lwv
fdsdflw|1
Frqvwudlqw +7, jxdudqwhhv wkdw li wkh yhklfoh hqwhuv d qrgh/ rq gd| w/l wd o v r
k d vw ro h d y hw k d wq r g h /r qw k hv d p hg d | 1
Ilqdoo| frqvwudlqw +8, dyrlgv vxewrxuv/ exw qrz qrw rqo| iru hdfk yhklfoh exw
dovr iru hdfk gd|1 Wkh vxewrxu holplqdwlrq frqvwudlqw uhsuhvhqwv dq h{srqhqwldo
qxpehu ri frqvwudlqwv1
Wkh sureohp zlwk wklv frqvwudlqw lv wkdw lwv qxpehu jurzv h{srqhqwldoo|
zlwk q1 Wkhuhiruh/ dv lw lv xvxdoo| grqh lq wkh edvlf prgho/ d zhdn irup ri
wkh vxewrxu holplqdwlrq frqvwudlqw lv lqwurgxfhg wr eh deoh wr vroyh lw e| d
frpphufldo vriwzduh1
Ghvurfkhuv ) Odsruwh +<4, suhvhqwhg d zhdn irup ri wkh vxewrxu holplqdwlrq
frqvwudlqw iru wkh WVS/ wklv uhod{dwlrq grhv qrw jxdudqwhh wkh holplqdwlrq ri
vxewrxuv iru odujh sureohpv1 Khuh/ zh zloo wudqvirup wklv zhdn irup vr wkdw lw
fdq eh dssolhg wr wkh YUS1 Wkh zhdn irup sursrvhg e| Ghvurfkhuv ) Odsruwh
+<4, iru wkh WVS/ lv wkh iroorzlqj=
Frqvlghu wkh yduldeoh x￿ zklfk uhsuhvhqwv wkh srvlwlrq ri qrgh m lq wkh wrxu/
dvvxph wkdw hyhu| wrxu vwduwv dw 41 Ohw {￿￿ eh wkh elqrpldo yduldeoh wkdw htxdov
434 li wkh vdohvpdq jrhv iurp l wr m dqg 3 rwkhuzlvh1 Wkhq wkh frqvwudlqw lv=
x￿ ￿ x￿ . {￿￿ ￿ +q ￿ 5,+4 ￿{￿￿,.+ q ￿6,{￿￿ ; l>m = m 9@ l dqg mA4
dqg wkhvh rwkhu wzr/ zklfk duh vshfl￿f iru wkh WVS=
x￿ ￿ q ￿ 4 ￿ +q ￿ 5,{￿￿ ;m>m A 4
x￿ ￿ 4.+ q ￿ 5,{￿￿ ;m>m A 4
Wudqviruplqj wkh suhylrxv iru rxu YUS prgho zh kdyh=
Ohw x|
￿& eh wkh srvlwlrq ri qrgh m lq wkh wrxu pdgh e| yhklfoh n rq gd| w1




￿￿& ￿ +q ￿ 5,+4 ￿ {|
￿￿&,.+ q ￿ 6,{|
￿￿&
;m 9@ l dqg mA4>w5 W dqg n 5 N
Wklv uhvwulfwlrq krogv hyhq li l dqg m duh qrw lq wkh vdph urxwh1 Li l dqg m
duh qrw rq wkh vdph urxwh rq gd| w wkhq/ wkh yduldeoh { zloo htxdo 3 +{|
￿￿& @3
dqg {|
￿￿& @3 , dqg wkh frqvwudlqw ehfrphv=
x|
￿& ￿ x|




Wklv lv dozd|v wuxh/ wkh srvlwlrq ri d qrgh lv dozd|v kljkhu ru htxdo wkdq 41
Lq wkh zruvw fdvh doo wkh q qrghv duh lq wklv wrxu dqg qrgh l lv wkh odvw wr eh
ylvlwhg/ x|
￿& @ q ￿ 4 dqg x|
￿& ￿ 4=
Zlwk wklv zhdn irupxodwlrq zh uhgxfh wkh qxpehu ri frqvwudlqwv dqg hqdeoh
d frpphufldo vriwzduh wr vroyh wkh sureohp1
Wkh odvw frqvwudlqwv +9, gh￿qh doo yduldeohv dv elqdu|1
61515 Remhfwlyh E= Edodqfh Zrunohyhov
Wkh vhfrqg remhfwlyh ixqfwlrq/ vhhnv wr edodqfh wkh zrun ehwzhhq yhklfohv1 Wkh
lghd ri pdnlqj d pxowl0remhfwlyh prgho wkdw edodqfhv wkh zrun dqg plqlpl}hv
frvw kdv douhdg| ehhq h{soruhg lq wkh zrun ri Ohh dqg Xhqj +<<,1 Lq wkdw sdshu
wkh zd| wkh zrun lv edodqfhg lv e| plqlpl}lqj wkh gl￿huhqfh ehwzhhq wkh zrun
ri hdfk yhklfoh dqg wkh zrun ri wkh yhklfoh zlwk wkh orzhvw zrun ohyho/ zkhuh
wkh zrun zdv phdvxuhg lq whupv ri wudyholqj dqg ordglqj wlph1
Lq rxu prgho zh frqvlghuhg wkh phdvxuh ri wkh zrun uhodwhg zlwk wkh yroxph
wudqvsruwhg gxulqj doo shulrgv1 Wkv lv sduwlfxoduo| lpsruwdqw lq lqgxvwulhv/ olnh
irrg dqg ehyhudjhv/ zkhuh lv hyhu|gd| pruh frpprq wr kdyh d shufhqwdjh ri
wkh uhpxqhudwlrq uhodwhg zlwk wkh dprxqw ri vdohv dqg glvwulexwhg surgxfwv1
Wkhuhiruh/ wr phdvxuh wkh htxloleulxp ri wkh urxwhv zh zloo frqvlghu d vwdwlvwlf/
wkh vwdqgdug ghyldwlrq/ vlqfh lw lv d zhoo nqrzq phdvxuh ri ghyldwlrqv ru vsuhdg
durxqg wkh phdq1
44Wkh vwdqgdug ghyldwlrq ri wkh zrun ri hdfk yhklfoh dw wkh hqg ri wkh shulrg
lv plqlpl}hg1 Wkh prgho doorzv d yhklfoh wr zrun pruh wkdq dqrwkhu rq d jlyhq
gd| dv orqj dv wkh wrwdo zrun ri d yhklfoh dw wkh hqg ri wkh shulrg lv edodqfhg1
Wkh sureohp ri xvlqj wkh vwdqgdug ghyldwlrq dv dq remhfwlyh ixqfwlrq lv wkdw
zh qr orqjhu kdyh d olqhdu ixqfwlrq dqg wklv dggv frpsoh{lw| wr wkh prgho1








￿& ; n @4 >===>p

















Frqvwudlqwv +4, wr +9, lq wklv remhfwlyh duh wkh vdph dv lq wkh suhylrxv prgho




￿& @3 > ; l @5 >===>qdqg w@ 5 W￿ +:,
Frqvwudlqw +:, surklelwv d yhklfoh wr ylvlw d folhqw rq d gd| zkhuh kh kdv }hur
ghpdqg1 Lq wkh ￿uvw remhfwlyh zh glg qrw qhhg wklv frqvwudlqw vlqfh wkh remhfwlyh
zdv wr plqlpl}h glvwdqfh dqg wkh vroxwlrq glg qrw jr wkurxjk hpsw| qrghv1
Qrz/ glvwdqfh lv qrw lqfoxghg lq wkh remhfwlyh dqg jrlqj lqwr d qrgh zlwk qr
ghpdqg lv qrw shqdol}lqj wkh remhfwlyh ixqfwlrq E1
61516 Remhfwlyh F= Pdunhwlqj Remhfwlyh
Lq wklv prgho/ hdfk gulyhu zloo wu| wr vhuyh dozd|v wkh vdph fxvwrphu1 Wklv
pdunhwlqj srolf| lv jlylqj hpskdvlv wr wkh shuvrqdo uhodwlrqvkls ehwzhhq gulyhuv
dqg fxvwrphuv dv d zd| wr lpsuryh fxvwrphu vhuylfh1 Vlqfh zh kdyh rwkhu
frqvwudlqwv vxfk dv fdsdflw| dqg qxpehu ri yhklfohv/ zh zdqw wklv wr kdsshq
wkh pd{lpxp qxpehu ri wlphv srvvleoh1 Wklv uhtxluhphqw pd| kdyh wr eh
vdful￿fhg exw zh zloo wu| wr hqirufh wklv dw ohdvw wr wkh ehvw folhqwv1 Wkhuhiruh/
wkh lghd lv= wkh ehwwhu wkh folhqw lv wkh pruh lqwhuhvw zh kdyh lq pdlqwdlqlqj wkh
vdph gulyhu1 Wklv srolf| lv ehfrplqj uhohydqw lq pdq| lqgxvwulhv/ lq sduwlfxodu
wkh irrg dqg ehyhudjhv/ vlqfh wkh gulyhu dovr shuirupv frpphufldo wdvnv1
Lq whupv ri pdwkhpdwlfdo irupxodwlrq/ wkh wklug remhfwlyh zrunv dv iroorzv=
Iru hdfk folhqw zh kdyh d vhw ri sdluv ri gd|v zlwk srvlwlyh ghpdqg/ W￿/ iru hdfk
sdlu ri gd|v +j>k, lq W￿ +zlwk j 9@ k, zh zdqw wr plqlpl}h wkh gl￿huhqfh lq wkh



















Wkh lpsruwdqfh lv jlyhq e| wkh wrwdo ghpdqg lq wkh shulrg/ wkhuhiruh d zhljkw lv



























Wkh lpsruwdqfh ri d fxvwrphu lv phdvxuhg lq whupv ri vdohv1 Lq vrph fdvhv
rwkhu phdvxuhv frxog eh xvhg wr fodvvli| wkh jrrgqhvv ri d folhqw1 Iru h{dpsoh/
iuhtxhqf| ri rughuv/ fuhglw klvwru|1
Wklv remhfwlyh ixqfwlrq lv djdlq qrq olqhdu1 Frqvwudlqwv duh wkh vdph dv lq
vhfwlrq 615151
61517 Vxppdu| ri wkh frpsohwh prgho1
Dv phqwlrqhg ehiruh/ zkhq ghvljqlqj wkh glvwulexwlrq urxwhv wkh wkuhh remhfwlyhv





> Plq+9@ lq zrun ohyhov,
￿ ~} ￿
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￿￿& ￿m Vm￿4> ; V qrqhpsw| vxevhw ri i5>===>qj
n @4 >===>p> w @4 >===>s +8,
{|
￿￿& 5i 3>4j> ||
￿& 5i 3>4j












￿& @ z& ; n @4 >===>p
Wr jxdudqwhh wkdw wkh dvvxpswlrq rq wkh qxpehu ri wkh yhklfohv krogv zh













Lghdoo|/ zh zrxog olnh wr ￿qg wkh vroxwlrq wkdw zrxog eh rswlpdo iru wkh wkuhh
remhfwlyhv dw wkh vdph wlph1 Lq pxowl0remhfwlyh surjudpplqj wklv vroxwlrq srlqw
47uduho| h{lvwv1 Vr/ zh zrxog olnh wr ￿qg vroxwlrqv wkdw duh forvhu wr wklv lghdo
srlqw1
Lq wkh pxowl0remhfwlyh rswlpl}dwlrq dq lpsruwdqw uhodwlrq lv wkh grplqdqfh
uhodwlrq1
Ohw +}￿, dqg +}2, eh wzr vroxwlrqv ri d pxowl0remhfwlyh sureohp zlwk U
remhfwlyhv1 Zh vd| wkdw=
Vroxwlrq +}￿, grplqdwhv +}2, li }￿o ￿ }2o ; remhfwlyhv u lq i4>===>Uj>
}￿o ?} 2o iru dw ohdvw rqh u dqg +}￿, 9@+ }2,1 D ihdvleoh vroxwlrq lv h!flhqw li lw
lv qrq0grplqdwhg1
Edvhg rq wklv frqfhsw zh zloo rswlpl}h wkh wkuhh remhfwlyh ixqfwlrqv wr ￿qg
qrq0grplqdwhg vroxwlrqv1 Wkh fkrlfh dprqj wkhvh qrq0grplqdwhg vroxwlrqv lv
ghwhuplqhg e| wkh ghflvlrq pdnhu*v suhihuhqfhv dprqj wkh pxowlsoh remhfwlyh1
Lq wkh qh{w vhfwlrq wkhvh suhihuhqfhv duh lqwurgxfhg dv zhljkwv1
616 Zhljkwlqj ixqfwlrq dssurdfk
Dq xvxdo dssurdfk wr vroyh pxowl0remhfwlyh sureohpv lv wr frqvlghu doo wkh re0
mhfwlyhv lq wkh vdph remhfwlyh ixqfwlrq1 Wkh vlpsohvw phwkrg wr gr wklv lv wkh
Remhfwlyh Zhljkwlqj/ zkhuh d zhljkw lv jlyhq wr hdfk ri wkh remhfwlyhv dqg wkh
vxp ri wkhp lv rswlpl}hg1 Wkh remhfwlyh ixqfwlrq ] lv d zhljkwhg vxp ri wkh
vlqjoh remhfwlyhv ib/ ￿ @4 >===>h dqg h lv wkh qxpehu ri remhfwlyhv1
] @
Se




Lq wklv phwkrg wkh rswlpdo vroxwlrq lv frqwuroohg e| wkh zhljkw yhfwru ￿1
Wkh suhihuhqfh ri dq remhfwlyh fdq eh fkdqjhg e| prgli|lqj wkh fruuhvsrqglqj
zhljkw1
Wkh xvh ri wklv phwkrg pd| ohdg wr Sduhwr0Rswlpdo vroxwlrqv exw kdv vrph
gudzedfnv1 Wkh vroxwlrq lv yhu| vhqvlwlyh wr wkh zhljkwv wkdw kdyh ehhq gh￿qhg1
Wkh sureohp olhv dovr rq kdylqj remhfwlyhv zlwk gl￿huhqw yduldeohv dqg vfdohv1
Lq rxu fdvh/ iru h{dpsoh zh duh dgglqj frvwv zlwk vwdqgdug ghyldwlrqv dqg
txdqwlwlhv/ iruflqj wr xvh frvw phdvxuhv iru wkh vhfrqg dqg wklug remhfwlyhv1
Wklv/ lq sudfwlfdo whupv lqfuhdvhv wkh frpsoh{lw| ri wkh ghflvlrq surfhvv1
Wr dsso| wklv phwkrg wr rxu prgho zh kdyh wr gh￿qh remhfwlyh E dqg F lq
whupv ri frvwv dqg lq d vlplodu vfdoh1
Ohw f￿ eh wkh frvw shu xqlw ri vwdqgdug ghyldwlrq/ wklv fdq eh lqwhusuhwhg
dv wkh frvw iru d ￿up ri kdylqj glvhtxloleulxp lq urxwhv1 Dqg f￿ xqlw frvw wr
wkh frpsdq| iru qrw vhuylqj d folhqw zlwk wkh vdph vdohvpdq1 Wklv frxog dovr
eh lqwhusuhwhg dv wkh shqdow| iru qrw jrlqj wr wkh vdph folhqw1
Wkh zhljkwhg remhfwlyh ixqfwlrq zlwk zhljkwv ￿￿>￿ 2>￿ ￿ ￿ 3/ vxfk wkdw
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￿& @ z& ; n @4 >===>p
Wr xvh wklv phwkrg zh idfh wzr sureohpv= Wkh ￿uvw rqh lv uhodwhg zlwk
wkh zhljkw wkdw zloo eh jlyhq wr hdfk remhfwlyh dqg wkh vhfrqg sureohp lv wkh
frpsdudelolw| ehwzhhq remhfwlyhv wkurxjk wkh wudqvirupdwlrq ri wkh remhfwlyhv
lqwr lghqwlfdo vfdohv1
7 Vroxwlrq Dssurdfk
Lq wklv vhfwlrq zh zloo suhvhqw vroxwlrqv iru wkh deryh sureohp xvlqj d vpdoo
h{dpsoh1
Wkh Olqjr 514 Lqgxvwuldo yhuvlrq zdv xvhg wr uxq wkh dojrulwkpv1 Olqjr lv
d pdwkhpdwlfdo prgholqj odqjxdjh wkdw vroyhv olqhdu dqg qrqolqhdu sureohpv1
Iru wkh olqhdu sureohpv OLQJR xvhv Sulpdo dqg Gxdo Vlpsoh{ vroyhuv ru d
Eduulhu vroyhu1 Wkh Eduulhu vroyhu xwlol}hv d eduulhu ru lqwhulru srlqw phwkrg wr
vroyh olqhdu prghov1 Wkh qrq0olqhdu vroyhu lv edvhg rq wkh Jhqhudol}hg Uhgxfhg
Judglhqw dojrulwkp1 Wkh phwkrg grhv qrw jxdudqwhh wkdw wkh vroxwlrq irxqg lv
d joredo rswlpxp1
Wkh h{dpsoh frqvlghuv 8 folhqwv/ 5 yhklfohv dqg 6 gd|v1 Wkh rswlrq wr xvh dq
h{dpsoh zlwk rqo| wkuhh gd|v lv mxvw wr kdyh d vkruw frpsxwdwlrqdo wlph1 Dqg/
r qw k hr w k h uk d q gw k hq x p e h ur ig d | vl vo d u j hh q r x j kw rd o o r zw k hd q d o | v l vr i
wkh uhvxowv1 Wkh ghpdqg dqg glvwdqfhv pdwulfhv xvhg iru wkh h{dpsoh fdq eh
vhh lq Dsshqgl{ 41
Iljxuhv 4 wr 6 uhsuhvhqw wkh vroxwlrqv iru 6 vfhqdulrv/ fruuhvsrqglqj wr wkh
rswlpl}dwlrq ri wkh 6 remhfwlyh ixqfwlrqv +D/ E dqg F, lqghshqghqwo|1 Lq wkhvh
slfwxuhv rqh fdq vhh wkh rswlpdo urxwhv dqg wkh wrwdo zrun ri hdfk yhklfoh1 Dv
fdq eh revhuyhg doo wkh urxwhv duh gl￿huhqw ghshqglqj rq wkh remhfwlyh zh zdqw
wr plqlpl}h/ dqg/ lq jhqhudo/ wkh wkuhh remhfwlyhv duh frqwudglfwru|1
Iru h{dpsoh/ zkhq zh plqlpl}h remhfwlyh D/ zh rewdlq xqedodqfhg urxwhv1
Wkh wrwdo zrun ri yhklfoh 4 lv 563 dqg yhklfoh 5/ <31 Ru/ zkhq zh edodqfh wkh
zrun zh kdyh wkdw folhqw 7 lv vhuyhg e| gl￿huhqw yhklfohv rq wkh vhfrqg dqg
wklug gd|v1 Wdeoh 4 vkrzv wkh uhvxowv rewdlqhg iru wkh wkuhh remhfwlyh ixqfwlrqv
lq wkh 6 fdvhv1 Doo wkh vroxwlrqv duh qrq0grplqdqw1 Wkdw lv/ lq doo wkh vroxwlrqv
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Day 2: 
Route of Vehicle 1: 1 – 4 - 2 - 1 
Route of Vehicle 2: 0 









Route of Vehicle 1: 1 – 2 – 1 
Route of Vehicle 2: 1 – 5 – 4 - 1 









Route of Vehicle 1 – 2 – 6 – 3 - 1 
Route of Vehicle 2: 1 – 4 – 1  


























Iljxuh 4= Rswlpdo Vroxwlrq= Remhfwlyh D
 
Day 1: 
Route of Vehicle 1 – 4 – 1 
Route of Vehicle 2: 1 – 6 – 2 – 3 – 1 









Route of Vehicle 1: 1 – 2  – 4  – 1 
Route of Vehicle 2: 0 








Route of Vehicle 1: 1 – 2– 1 
Route of Vehicle 2: 1 – 4 – 5 - 1 


























Iljxuh 5= Rswlpdo Vroxwlrq= Remhfwlyh E
wkhuh lv dw ohdvw rqh remhfwlyh wkdw kdv d ehwwhu ydoxh rq dqrwkhu vroxwlrq1
D E F
Rswlpl}h D 465<: :3 5;3
Rswlpl}h E 4775; 3 ;;3
Rswlpl}h F 486;4 83 3
Wdeoh 4
Lq Iljxuh 7/ zh fdq vhh wkh vdph uhvxowv kdv lq wkh Wdeoh 41 Qrqh ri wkhvh
wuldqjohv lv wrwdoo| fryhuhg e| wkh rwkhu1 Zklfk phdqv wkdw qrqh ri wkh vroxwlrqv
lv grplqdwhg e| dqrwkhu1
Wkh qh{w vwhs zloo eh wr lpsohphqw wkh zhljkwlqj phwkrg dssurdfk wr wkh
vdph h{dpsoh/ zh zloo fdoo lw remhfwlyh P1 Iru wklv lpsohphqwdwlrq zh qhhg wr
gh￿qh wkh zhljkwv dqg wkh frvwv dvvrfldwhg zlwk remhfwlyh E dqg F1
Ohw f￿ @5 3 3dqg f￿ @8 3
Frqvlghu 5 h{dpsohv= P4 dqg P51 Wkh rqo| gl￿huhqfh ehwzhhq wkhvh h{dp0
sohv lv wkh zhljkw jlyhq wr hdfk remhfwlyh1 Lq P4 doo wkh remhfwlyhv duh htxdoo|
lpsruwdqw/ doo ￿ duh htxdo wr 426 dqg lq P5 wkh zhljkwv duh ￿￿ @3 >8>￿2 @
4: 
Day 1: 
Route of Vehicle 1 – 3 – 2 –  1 
Route of Vehicle 2: 1 – 4 – 6 – 1  








Route of Vehicle 1: 1 – 2 - 1 
Route of Vehicle 2: 1 – 4 -1   








Route of Vehicle 1: 1 – 2 – 5 - 1 
Route of Vehicle 2: 1 – 4 - 1 
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Optimize A Optimize B Optimize C
Iljxuh 7= Judsklfdo uhsuhvhqwdwlrq ri wkh vroxwlrqv
4; 
Day 1: 
Route of Vehicle 1 – 2 – 3 - 1 
Route of Vehicle 2: 1 – 6  – 4– 1 








Route of Vehicle 1: 1 – 2 - 1 
Route of Vehicle 2: 1 – 4 -1   








Route of Vehicle 1: 1 – 2 -1 
Route of Vehicle 2: 1 – 5 – 4- 1 
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Optimize A Optimize B Optimize C Optimize M1
Iljxuh 9= Judsklfdo uhsuhvhqwdwlrqv ri wkh vroxwlrqv
￿￿ @3 >58 1 Wkh vroxwlrq ri sureohp P4 +Iljxuh 8, lv gl￿huhqw iurp wkh rqh
irxqg zkhq frqvlghulqj wkh remhfwlyhv vhsdudwho|1 Wkh ydoxhv ri wkh gl￿huhqw
remhfwlyhv fdq eh vhhq lq Wdeoh 5 dqg Iljxuh 91
D E F P4 P5
Rswlpl}hD 465<: 47333 47333 46:85 4697<
Rswlpl}h E 4664: 3 77333 4<3;: 4;3<<
Rswlpl}h F 486;4 43333 3 ;785 433<4
Rswlpl}h P4 47:54 3 3 7<35 :694
Rswlpl}h P5 47:34 5333 3 8894 :;64
Wdeoh 5
Wkh vroxwlrqv rewdlqhg zkhq rswlpl}lqj remhfwlyh P4 dqg P5 grplqdwh wkh
rqh wkdw uhvxowv iurp rswlpl}lqj remhfwlyh F1 Lw lv dq rswlpdo vroxwlrq iru wkh
remhfwlyh F dqg surgxfhv ehwwhu ydoxhv iru remhfwlyhv D dqg E1 Iru wkh qrq0
olqhdu remhfwlyh ixqfwlrqv zh fdqqrw jxdudqwhh wkdw wkh vroxwlrq lv d joredo
rswlpxp1 Wkh vroxwlrq irxqg iru remhfwlyh P5 lv d orfdo rswlpxp/ wkh ydoxh ri
wkh remhfwlyh ixqfwlrq P5 lv kljkhu wkdq wkh rqh zh zrxog rewdlq dsso|lqj wkh
vroxwlrq irxqg iru P41
4<Li zh wu| wr lqfuhdvh wkh vl}h ri wkh h{dpsoh/ e| dgglqj rqh pruh gd|/ wkh
frpsxwdwlrqdo frpsoh{lw| lqfuhdvhv h{srqhqwldoo|1 Wr vkrz dq h{dpsoh ri wkh
frpsoh{lw| ri wklv sureohp/ zkhq wu|lqj wr vroyh dq h{dpsoh zlwk 7 gd|v/ 5
yhklfohv/ dqg 8 folhqwv/ rq d SF +Shqwlxp / 65 PE UDP ,/ diwhu 5 gd|v wkh
OLQJR kdg qrw ehhq deoh wr ￿qg d vroxwlrq1 Wkhvh frpsxwdwlrqdo wlphv duh
qrw frpsdwleoh zlwk d ￿up*v ghflvlrq surfhvvhv1
8 Vxppdu| dqg Frqfoxvlrqv
Wklv zrun suhvhqwv d qhz h{whqvlrq ri wkh YUS/ zklfk wulhv wr uh hfw pruh wkh
￿uhdo zruog￿ vlwxdwlrqv dqg exvlqhvv frqfhuqv1 Wkh prgho lv d pxowl0remhfwlyh
frpelqdwruldo rswlpl}dwlrq sureohp zlwk wkuhh remhfwlyhv= plqlpl}lqj frvw/
edodqflqj zrun dqg lpsurylqj fxvwrphu vhuylfh1 Zh kdyh lpsohphqwhg wkh
prgho rq d vpdoo h{dpsoh dqg irxqg vrph qrq0grplqdwhg vroxwlrqv1
Wkh uhvxowv rewdlqhg pdwfkhg rxu h{shfwdwlrqv= Wkh wkuhh remhfwlyhv duh
frqwudglfwru| dqg/ zkhq rswlpl}lqj rqh ri wkhp zh rewdlq edg vroxwlrqv iru
wkh rwkhu wzr1 Zkhq xvlqj wkh zhljkwhg phwkrg dv dq dssurdfk wr vroyh wkh
pxowl0remhfwlyh lvvxh zh idfh wzr sureohpv= wkh ￿uvw lv wkdw wkh frvwv dvvrfldwhg
zlwk E dqg F duh duwl￿fldo dqg lq xhqfh wkh uhvxowv> dqg vhfrqg/ wkh gh￿qlwlrq
ri suhihuhqfhv iru hdfk remhfwlyh dovr lq xhqfh uhvxowv1Mxvw e| dqdo|vlqj vxfk
d vpdoo h{dpsoh/ zh zhuh deoh wr frqfoxgh wkh lpsruwdqfh ri wkh lqfoxvlrq ri
pxowlremhfwlyhv lq wkh pxowlshulrg prgho1
Vlqfh wkh lghd lv wr dssur{lpdwh wkh prgho wr uhdolw| zh qhhg wr ryhufrph
wkh frpsoh{lw| ri wkh prgho dqg wkh wlph wr ￿qg vroxwlrqv wr eh deoh wr dsso|
lw wr uhdo fdvhv dqg khos wkh xvhu wr wdnh ghflvlrqv1 Wkhuhiruh/ dv ixuwkhu zrun
zh zloo ghyhors dq khxulvwlf dssurdfk/ edvhg rq d whfkqltxh nqrzq dv lwhudwhg
orfdo vhdufk/ wkdw zh krsh wkdw lw zloo hqdeoh xv wr rewdlq jrrg uhvxowv lq vkruwhu
uxqqlqj wlphv1
Iru ixuwkhu uhvhdufk zh dovr wkrxjkw derxw h{whqglqj wklv prgho wr lqfoxgh
vwrfkdvwlf ghpdqg lq rughu wr frpshwh zlwk wkh qhz wuhqg ri rq0olqh gholyhu|
v|vwhpv dulvlqj rq wkh duhd ri h0frpphufh1
Dfnqrzohgjhphqw =Zh zrxog dovr olnh wr wkdqn Gdqlho Vhuud dqg Iuhghulf
Xglqd iru wkhlu ydoxdeoh vxjjhvwlrqv gxulqj wkh hoderudwlrq ri wklv duwlfoh1 Wklv
uhvhdufk zdv sduwldoo| ixqghg e| wkh Plqlvw￿ulr gd Fl￿qfld h gd Whfqrorjld/
IFW Surjudpd Sud{lv [[L/ Sruwxjdo +iru wkh ￿uvw dxwkru, dqg Plqlvwhulr gh
Flhqfld | Whfqrorj￿d/ Vsdlq +EHF 53330435:, +iru wkh vhfrqg dxwkru,1
Uhihuhqfhv
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